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Abstract. We use strong-coupling perturbation theory and the extrapolation of small-
cluster exact-diagonalization calculations to describe the ground-state properties and possible
intermediate-valence transitions of the spinless Falicov—Kimball model with a generalized type
of hopping. It is shown that, even for relatively small values of the interaction strength, the
Falicov-Kimball model undergoes only a few (discrete} intermediate-valence transitions, and
this result is demonstrated to be independent of finite-size effects.

1. Introduction

Since its introduction in 1969, the Falicov—Kimball model [1] has become an important
standard model for a description of correlated fermions on a lattice. The model describes
a two-band system of localized f electrons and itinerant d electrons with a short-range f—d
Coulomb interaction I/, The Hamiltonian is

H=) t,d'd+UY  f*fidtdi+Er Y £ f; (1
if i i

where f¥, f; are the creation and annihilation operators for an electron in a localized state
at lattice site { with binding energy Eg, and d:’, d, are the creation and annihilation operators
for an electron in the conduction band. The conduction band is generated by the hopping
matrix elements ¢,;, which describe intersite transitions between the sites { and j. Usually it
is assumed that #;; = —¢ if { and j are nearest neighbours and r;; = 0 ctherwise; however,
in what follows we consider a much more realistic type of hopping, so for the moment we
leave it to be arbitrary.

Althongh the model has various physical interpretations (as well as the aforementioned
interpretation it can be considered as a model for crystallization in 2 system of classical ions
interacting with itinerant electrons [2], or as an approximation to the Hubbard model [3]
in which only one kind of electron can hop), there exist two fundamental questions that
have attracted the attention of physicists. The first is the nature of the ground state of the
model and its energetic and structural properties. The second is the problem of metal-
insulator and valence transitions in the spinless Falicov—-Kimball model. In spite of its
relative simplicity, so far only a few rigorous resulis concerning the ground state of the
Hamiltonian (1) have been obtained: Brandt and Schmidt [4] found sharp upper and lower
bounds for the ground-state energy in two dimensions; Kennedy and Lieb [2] proved that
the ground state has long-range order for all dimensions d; Brandt and Mielsch [5] obtained
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an exact solution in 4 = 00; Gruber [6] and Lyzwa {7] derived some rigorous results for
a particular class of periodic configurations; Lemberger [8] proved two exact theorems in
the limit of strong interactions; Gruber and co-workers [9] obtained a set of exact results
pertaining to the neutral case, showing that the system forms atoms at sufficiently large U.

The second question, namely whether the Falicov—Kimball model can describe the
discontinuous transition of the f-electron occupation number n¢ as a function of the f-level
energy Ey, is crucial for an understanding of some anomalous physical properties of rare-
earth compounds. For example, supposing that the external pressure shifts the energy level
E, then the valence transitions observed in some rare-earth compounds (SmS, TmTe, and
so on) could be understandable purely electronically if ne(E) really has discontinuities,
However, whether discontinuous valence transitions appear for the Falicov~-Kimbail model
i§ again very sensitive to the approximations used.

Depending on the type of approximation used, both positive answers [I,10-12] and
negative answers [13-15] were found. Discontinuous transitions were obtained within
Hartree-Fock treatments if the intra-atomic interaction term was decoupled in a form that
was diagonal in the f and 4 creation and annihilation operators, while in much more reliable
treatments based on the coherent-potential approximation no sign of any discontinuity
was obtained. Thus, within the Hartree—Fock treatments, the Falicov—Kimball model can
describe the first-order transition from sy = 1 to ny = Q; however the valence, ie. the
number of localized f electrons #, remains an integer and does not attain intermediate values.
Although this shortcoming can be removed by including the hybridization of localized states
with the band states, the theoretical picture of the transitions is still uncertain, since different
approximations again produce controversial results [16-22). From this short survey it is
clear that the study of valence and metal-insulator transitions may be successful only with
methods that are relatively insensifive to the type of approximation used and, of course,
with the exact methods.

Exact results concerning this question are rare. The numerical calculations of Brandt and
Schmidt [4] based on Tehebycheff-Markov inequalities show (4 = 2) that for £ < E; the
ground state of the model is the fully occupied lattice (ny = 1,14 =0). For E; < E < E3
the ground state is a chessboard configuration (nf = 1/2,ng = 1/2) and for E > E4 the
ground state is the empty lattice (ny = 0, nq = 1). Unfortunately, the authors are unable to
decide whether or not the valence transitions from ny = 1 to nf = 1/2 and from »r = 1/2
to ng = 0 are discontinuous.

To resolve this problem, in a previous paper [23] we used strong-coupling perturbation
theory and the extrapolation of small-cluster exact-diagonalization calculations. We found
that in the general case the transitions have a staircase structure, With increasing U
this structure is maximally simplified, and only a few iransitions become relevant. For
5 < U < 10 there are only four relevant transitions: from ny = 1 to sy = 2/3, from
ny = 2/3 to ny = 1/2, from ny = 1/2 to ny = 1/3 and from n; = 1/3 to ny = 0. For
U > 10 there are only two relevant transitions: from n¢ = 1to ne = 1/2 and from ne = 1/2
tonr =10

In the present paper the same methods are used for an investigation of the band effects
(the type of hopping} on the valence transitions and ground-state properties of the model.

To study this subject we choose a more general form for the hopping matrix elements,
namely

ty = _tq(Lﬂ)—lll—J'I—(L/Z)l-l(1 — &) @)

where L denotes the number of lattice sites and g < I.
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There are several advantages of this form. It represents a much more realistic type
of hopping electrons on a lattice, and it allows us to change continuously the type of
hopping (band) from nearest-neighbour (g = 0) to infinite-range (g = 1) [24] hopping and
thus immediately study the effect of the conduction band on the physical properties of the
model, particularly on the ground-state configuration and on the valence transitions, which
have been the subject of much controversy [21].

Since in this spinless version of the Falicov—-Kimball model without hybridization the
f-electron occupation number f:'+ fi of each site i commutes with the Hamiltonian (1), the
f-electron occupation number is a good quantum number, taking only two values: w; = 1
or 0, according to whether or not the site ¢ is occupied by the localized f electron.

Thus the Hamiltonian (1) can be written as

H =Y hyd'd;+E Y w (3)
Lj i

where &;;(w) = 4; + Uw;;; and £, are given by (2). The investigation of (3) is now
reduced to the investigation of the spectrum of £ for different f-electron configurations.

2. Perturbative analysis

A previous paper [25] devoted to the investigation of the ground-state properties of the
Falicov-Kimball model (g = 0) showed that the strong-coupling perturbation theory of
degenerate levels is capable of closely reproducing the exact results of Freericks and
Falicov [26] (obtained for the particular class of periodic configurations), even for relatively
small values of the interaction strength, U7/t > 5. Therefore, to reveal a qualitative picture
of the valence transitions, we start with the strong-coupling limit of (3) and with perturbation
theory of degenerate levels.

We can see that for a given f-electron configuration w = {wy, ws ... w;}, defined on a
one-dimensional lattice of L sites with periodic boundary conditions, the first term of (3)
is the second-quantized version of the single-particle Hamiltonian & = T + UW, where
T is the L-square matrix with elements ¢;; given by (2) and W is the L-square diagonal
matrix with elements w; (3°; w; = Ny is the number of f electrons). Since the matrix W
is idempotent, the matrix UW has only two eigenvalues E; = 0 and E; = U, which are
{L — Ny)}-fold and Ny-fold degenerate. Considering now the interaction energy UW of the
Hamiltonian (3) as the unperturbed Hamiltonian and the kinetic energy as the perturbation,
then the second-order corrections can be found directly using the standard perturbation
theory of degenerate levels [23,25]. For E7 = 0 and E» = U/ its application leads to the
following secular eguation:

det(T® — A1) =0. 4}

Here T¢ and T are (L — Ny) and N; square matrices with elements
1
+
Tn(n') =ty = E Ej Injtjw Wj (5)

where n and #’ denote unoccupied {occupied) sites if the second-order corrections to the
energy level £y = 0 (E; = U) are calculated.
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However using the theorem of Gersgorin [27], one can find that the electron spectra
arising from the degenerate energy levels £, = 0 and E; = U form, for U > Uy =
4/[{(1 —g®)U], two non-overlapping bands with exactly (L — Ny) and N states and thus the
energy of Ny = L — Nj electrons at the half-filled band point Ny+ Ny = L (next we consider
only this case, which is the point of special interest for mixed-valence phenomena) can be
obtained directly by occupying all (L — Ny) energy levels A; corresponding to E; =0, or
in other words by taking the trace of T():

L=N¢
Ew,Na=L—-Np= 3 =TTy = 770 ~wy). (6)
k=1

Now using (5), the total energy corresponding to any configuration w = {wy, wq... wr}
with total f-electron number Ny can be written as

1
E(w, Ny =—r D tyty (1 — wiw; + EN. 7
H

A straightforward analysis of {7) shows that, just as for g = 0 [8], for g > 0 the
most homogeneous configurations are the ground states of the Falicov—Kimball model for
sufficiently larpe U. This is obviously a consequence of the chosen form of the hopping
matrix elements, which as one can immediately check for Ny = 2, 3 ... forces the f electrons
to be as separated as possible. Using this result we can directly study the valence transitions
in the spinless Falicov—Kimball model at large U. However, before doing this, let us first
investigate the model for small lattices to show that the most homogeneous configurations
play a central role in valence transitions, not only for large U/ but also for relatively smail
values of U.

3. Numerical ealculations

With regard to the aforementioned sensitivity of the valence and metal-insulator transitions
to the type of approximation employed, we used for their description the extrapolation of
small-cluster exact-diagonalization calculations. Since the d electrons do not interact among
themselves, the numerical calculations proceed directly in the following steps. (i) Having
U, Er, g and w = {wy, wz...w,} fixed, find all eigenvalues A, of h{w) = T+ UW. (ii) For
a given Ny = ¥, w; determine the ground-state energy E(w, U, Ef) = SF2M 3 + EeN
of a particular f-electron configuration w by filling in the lowest Ny = L — Ny one-electron
levels. (iii) Find the w° for which E{w, U, E¢) has a minimum.

Repeating this procedure for different values of I/ or Ef, one can immediately study
the dependence of the f-electron occupation number Ny =3, w® on U, E; or g.

To demonstrate the influence of electron hopping on the valence transitions we start
with the simplest case: I/ = 0. The numerical results obtained for finite systems are shown
in figures 1 and 2. In figure 1 the E¢-dependence of the f-electron cccupation density #y is
plotted for L = 512 sites and different values of g, whereas figure 2 illustrates the finite-size
effect on the beginning (end) of transitions. The results show that (i) with ¢ going from 0
to 1 the transition becomes much steeper, and even for the infinite-range hopping (g = 1)
it is discontinuous, in agreement with analytical results [24]; (ii) only a behaviour with
g = 0 (reflecting the particle-hole symmetry of the model} is point-symmetrical around
ni(E; = 0) = 0.5; (jii) the beginning (end) of the transition is almost independent of L.
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Figure 1. The dependence of the f-electron occupation number n¢ on the f-level position Er
calculated for L = 512, I/ =0 and six different values of g.

-1.0 2.2
1 U=0 g U=0
-2.0 ' g 2.0 j a
-3.0 ¢ 1.8 b
—4.0- o d 1.6 4 .
Eq . E. 1
-5.0 “ . 1.4 '_' - d
604 o 1.2 4 “aa a
1 . ]
-7.01 _ 1.0 -
809 % & ] 80 100 120 0B 4% 4 €0 . 80 100 120

Figure 2. The L-dependence of the exact pumerical bounds of the fully occupied (Ej) and
completely empty (£,) lattice calcnlated for U =Oand (@) g =0, (B) g = 0.1, (¢) g = 0.3,
() g =0.5 and (e) g = 0.7,

The last observation is very important for the extrapolation of small-cluster exact-
diagonalization calculations, since it indicates that at least some characteristics of the
transitions are independent of L. However, from a theoretical point of view, the first
observation showing the possibility of discontinuous valence transitions is also very
interesting.

Let us now incorporate many-body effects and study the model for non-zero U. The
resuits obtained for small finite systems of L = 12 and 20 sites, and for the set of the
interaction strengths U = 1.5, 3, 4.5, are presented in tables ! and 2 and in figures 3 and 4
{(here and in what follows all energies are measured in units of #).

We summarize these results with some observations. (i) For g = 0.1 and the given set of
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Table 1. Ground-state configurations for L = 12, ¥/ =3 and 4 = 0.1,0.3,0.5,0.7.

Ny g=01 g=03 g=05 g =07

o 000000000000 Q00000000000  GOCO0DQOOCO0  0COO000 000000
1 1000004G00000 100000000 000 106000000000  1G0G00 000 00G
2 100000100000 101 000000 000 101000000000 100100000000
3 100010001000 101010000000 101010000000 100010001 000
4 100100100100 101010100000 10101010000 100100 100100
5 100101001010 101010101 000 101010101000 100101010010
6 101010101010 101010101010 101010101010 101010101010
7 101011010110 110101011010 110110101010 110110101010
8 110110110110 110110110110 110110110110 110110110110
9 111011101 110 111011101110 111011101110 111011101110
10 11§ 110111 110 t11ito111 110 111110811110 1110118110
Il f11181111110 111111111 110 ITIII111130 1ELI1L1E1110
12 111111111 118 111111111111 ITLIIL111 111 1Nl

Table 2. Ground-state configurations for L =20, U/ =3 and ¢ =0.3,0.7.

Ny g =03 g =107

0 00000 000000 000 GO0 000 00 000 000 000 000 000 000
1 10000 00000 ¢00 000 000 10000 000 000 000 000 000
2 10 £00 000 000 000000 Q00 10010000 000 000000 000
3 10 101 000 900 000 000 000 10010010000 000 000 GO0
4 10 101 010000000 000 GO0 10010010 010000000 000
5 10101 010 100000 000000 10010010 0610010000 000
& 10 101010101 000000000 0010010010010 010000
7 10101 014 101 610000000 10010 100 £00 100 100 100
8 10101 010101 010 100000 10010101010 100 100 100
9 10161 010101 010101000 10010101 010101010100
10 10101010101 G10 E01 010 103101010101 010 101010
11 11010 1341010110101 010 11011010 101010101 010
12 11010110101101 011010 11011011010101010110
13 11011011 011611 0110610 11611011011011011 010
14 11101101 101110110110 11101 110110110110 110
15 11101110111011101110 1110111011101 101 110
16 11110111101 111011 110 1111011%10111101% 110
17 11111101111110141118 1111011111 108111110
18 11111111101 111 111 110 11110111101 113 151 510
19 111111111t 111 111 110 11111111 R0 110
20 I3RS RN RIEREINIT! WL HI T 11 1T

U, the ground-state configurations of the Falicov—Kimball model] are the most homogeneous
configurations, This means that the most homogeneocus distribution of the f electrons, first
found by Lemberger [81, for ¢ = O and sufficiently large U persists for small but non-zero
values of ¢. (i) For larger values of ¢ the mixture of two crenel configurations [p|m]
may be the ground state. (The unit cell of the crenel configuration [p|m] consists of p
consecutive sites occupied by the f electrons, while m — p sites are empty.) Whereas
for ny < 1/2 the mixtures of the crenel configurations [1|m] with m = 2,3... and the
empty configuration appear most often, for n¢ > 1/2 it is the mixture of [p|p + 1] and
[p — 1]p] crenel configurations. (iii) The aiternating phase {1010...} is the ground state
at ny = 1/2 for all values of U and g. The very existence of this intermediate-valence
state with a chessboard structure is an important characteristic of the valence transitions,
since it appears for each transition and the region of its stability is almost independent of



Valence transitions in the Falicov-Kimball mode! 3007

12 - 12
114 E 114
104 ! 10
9 > 9
8+ y B+
7] o
Nt & - Ne 6 ,
5- ! b 5- I
- L e
o T y T R — U=t
H - P 3 e U=4.5 i
J Vo R |
2 £ Z ]
1 P 11 i
] 1 t
G ------ TTTV A AEASEEE] T |:==i!- 0 |sz|;.xx;|..;.,..,,,.-nr-;v|
=15 =1.0 0.5E 00 05 1.0 =20 =15 -4.0 =05 00 05 1.0
f f
12 ! : ;
11" ! 1
10
4
9- L
o A
7 H
q=0.7 i
Nt &+ M
5+ —_ U= 1:
44 e [ES !
_____ —_ I
3 U=4.5 :
2 i
1
1 i
[yt — PV — el

~5.0 —4.0 =30 -2.0 —1.0 0.0 1.0
Ef El'

Figure 3. The dependence of the f-electron occupation number Ny (calculated for all
configurations) on the f-level position E¢ for L = 12, I/ = 1.5, 3,4.5, andg = 0.1, 0.3, 0.5, 0.7.

L. As follows from the preceding figures, the same is true for the beginning (end) of the
transitions. (We will discuss more accurate finite-size effects on these quantities below).
(iv) The valence transitions have, in general, a staircase structure, which strongly depends
on U and ¢g. However, with increasing U/ and g this structure is maximally simplified and
for sufficiently farge U or ¢ only a few transitions become relevant. For example, while for
g = 0.1 and the given set of I/ there are several transitions from n; = 1/2 to ny = 0, for
g = 0.5 there is only one relevant transition independent of L and U. Furthermore, with
increasing g the transitions are much steeper, the region of stability of the intermediate-
valence state with chessboard structure being gradually suppressed, and unlike the case of
small values of g a direct transition from rf = 0 to ny > 1/2 is possible for g > 0.9. (v)
There exist several characteristics of the valence transitions that are independent, or almost
independent, of L. As well as the characteristics mentioned above, i.e. the beginning (end)
of the transition, the region of stability of the intermediate-valence state with chessboard
structure is also the length of stairs comesponding to configurations with ny = 1 — 1/i
(E<Qorn=1/i{(E>0),i=12...L.
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Figore 4. The dependence of the f-electron occupation number N¢ (calculated for all
configurations) on the f-level positior Ef for L =20, U = 1.5,3,45and g = 0.1,0.3,0.5,0.7.

To determine the finite-size effects more accurately, the L-dependence of the exact
numerical bounds for the most interesting ground states, i.e. when (i) the lattice is completely
filled with f electrons (yielding the value of the beginning of the valence transitions, E4), (ii}
it is completely empty (the end of the transition, E,) and (iii) it has a chessboard structure
(Ea,, Ey,), have been calculated. The results presented in figure 5 show that only forg — 1
can a weak dependence of bounds on L be observed. This indicates that at least some
characteristics of the valence transitions in the thermodynamic limit may be deduced from
characteristics of the valence transitions of finite systems. However, for further investigation
of the vaience transitions the most important fact was that the valence transitions calculated
only for the most homogeneous configurations are practically identical with these shown
in figures 3 and 4, Negligible differences may be observed only if the calculations are
done with a step AEr < 0.005. This fact indicates that the basic structure of the valence
transitions can be described very precisely taking into account only the most homogeneous
configurations, and at the same time it allows us to avoid technical difficulties associated
with a large number of configurations and consequently to study much larger systems.



Valence transitions in the Falicov—Kimball model 3009

'Ll mawem oo TPE— 0.62
| e sz
0.6% 7
~1.01 € ] @
] 0.60 7
—1.59 s d 0.59 1
1 0.58 -
-2.0- .
£y 1 Eu0'57 L b
—2.5 a561 » &
{ . 0.55 1
-3.04 | 0.54
~354 0.53 c
] e 0.52 d
“"4.0 T T T T T T L) ¥ T 0.51 T T T T T T T U T T
C 20 40 60 80 100 0 20 40 80 80 100
L L
0.5 0.56
0.4 ~ 0544 =~ e
1 - e @ 1 e d
0.3 4 0.52 - e
0.2 4 1
] .50 A
NE ° 0.45
Eq 0.0 1 Ea ! . ] X
—0.1 - c 0.4 J
~0.21 .44 1
1
—0.3 4 b 0.42 ]
—0.4 - a 0404 a
—0.5 L T 4 T T T v T T T 0.58 T T T T T T T T T T
6 20 40 eLo 80 100 0 20 40 sLo 80 100

Figure 5. The L-dependence of the exact numerical bounds of the fully occupied (Eqg),
completely empty (£y) lattice and the chessboard configuration (£, , £,;) calculated for & =3
and (@) g=0,(B)g=01()g=03,d)g=05and (¢} g =0.7.

Figure 6 presents results obtained for a finite system of 240 sites. It is seen that all our
observations made on small systems also hold for much larger systems, and even some
features of the valence transitions are now more visible, For example. it.is evident that
for all values of g the valence transitions have their own internal structure. The most
homogeneous configurations with rp =1 —1/i (E < Q) orne=1/i (E>0),i=1,2...L
form the primary structure, depending on L only very weakly, while the remaining most
homogeneous configurations form the secondary structure, which depends very strongly on
L and U. However, with increasing U (for fixed g) the secondary structure is gradually
suppressed and only the primary structure forms the transition. For sufficiently large U this
structure is very simple and consists of a few relevant transitions, whose number can be
further reduced by ¢. This means that in the pressure-induced case the spinless Falicov—
Kimball model undergoes only a few (discrete) intermediate-valence transitions, namely
the transitions from an integer-valence ground state into an inhomogenecus intermediate-
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Figure 6. The dependence of the f-electron occupation density n¢ (calculated for the most
homogeneous configurations) on the f-level position E¢ for L = 240, U = 1.5,3,4.5 and
g=01,03,05and 0.7,

valence statet and the transitions from one inhomogeneous intermediate-valence state into
another inhomogeneous intermediate-valence state. The effect of g is particularly strong for
np < 0.5, where even for relatively small values of U the number of relevant transitions is
reduced at sufficiently large g (g = 0.5) to one: from 7y = 1/2 to O (see figures 3 and 4).
Since the primary structure is almost independent of finite-size effects we suppose that this
picture of the valence transitions in the framework of the Falicov—Kimball model could be
very close to the real one.

It should be noted that our picture of valence transitions based on the exact numerical
calculations differs strongly from the picture obtained so far using various approximations,
Whereas our results predict that the spinless Falicov—Kimball model undergoes a few

t In the rare-earth community the concept of an ‘inhomogeneous intermediate-valence state’ is used to denote
the static mixture of rare-carth ions with valence n or n — 1 depending on the lattice site. This is in contrast to
the dynamical mixture (homogenecus mixed valence) when each rare-earth site looks identical in a time average,
while the local state is best described by r at one time and n ~— | at another. To avoid a misunderstanding, these
concepts should be carcfully distinguished from the concept of the most homogeneous configuration.
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(discrete) intermediate-valence transitions, approximate solutions lead to very controversial
and unreliable results, showing one or even no discontinuous valence transitions. The only
fully reliable result seems to be the exact result of Brandt and Schmidt [4], obtained using
Tchebycheff-Markov inequalities, which in the region where the authors are able to give
exact numerical bounds yields the same structure as our results for ¢ — 0. This indicates
that for ¢ — 0 approximate methods are not particularly appropriate for a description of
valence and metal-insulator transitions, since these are very sensitive to the approximation
used. However some approximations, for example the coherent-potential approximation, can
be successful in the opposite limit § — 1 when, as has been shown using exact analytical
calculations [28], the coherent-potential approximation becomes exact for sufficiently small
values of U/. Unfortunately, the limit g4 = I is not very realistic, since the entire Kinetic
energy of the system is now carried by one electron in the state ¥ = 0, while the remaining
electrons are immobile.

Finally, it should be mentioned that the picture presented of valence transitions
is considerably simplified, and in more detailed analyses one must consider higher
dimensions, larger lattices, electron—phonon interactions, orbital dynamics as well as the
d-f hybridization. Work on this object is in progress, and preliminary results show that
the fundamental features of transitions described above hold for higher dimensions and for
larger lattices.

In summary, we have investigated the possibilities for intermediate-valence transitions
in the one-dimensional spinless Falicov-Kimball model with a generalized type of hopping.
We found that the valence transitions have a staircase structure almost independent of finite-
size effects, which is maximally simplified with increasing U and ¢. Thus for sufficiently
large U and g the Falicov—Kimball model undergoes, in the pressure-induced case, only a
few discrete intermediate-valence transitions, namely the transitions from an integer-valence
ground state info an inhomogeneous intermediate-valence staie and the transitions from one
inhomogeneous intermediate-valence state into anather inhomogeneous intermediate-valence
State.
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